Multidimensional staggered grid residual distribution scheme for
  Lagrangian hydrodynamics by Abgrall, R. et al.
MULTIDIMENSIONAL STAGGERED GRID RESIDUAL
DISTRIBUTION SCHEME FOR LAGRANGIAN HYDRODYNAMICS
RE´MI ABGRALL∗, KONSTANTIN LIPNIKOV† , NATHANIEL MORGAN‡ , AND
SVETLANA TOKAREVA§
Abstract.
We present the second-order multidimensional Staggered Grid Hydrodynamics Residual Distri-
bution (SGH RD) scheme for Lagrangian hydrodynamics. The SGH RD scheme is based on the
staggered finite element discretizations as in [Dobrev et al., SISC, 2012]. However, the advantage of
the residual formulation over classical FEM approaches consists in the natural mass matrix diago-
nalization which allows one to avoid the solution of the linear system with the global sparse mass
matrix while retaining the desired order of accuracy. This is achieved by using Bernstein polynomials
as finite element shape functions and coupling the space discretization with the deferred correction
type timestepping method. Moreover, it can be shown that for the Lagrangian formulation writ-
ten in non-conservative form, our residual distribution scheme ensures the exact conservation of the
mass, momentum and total energy. In this paper we also discuss construction of numerical viscosity
approximations for the SGH RD scheme allowing to reduce the dissipation of the numerical solu-
tion. Thanks to the generic formulation of the staggered grid residual distribution scheme, it can be
directly applied to both single- and multimaterial and multiphase models. Finally, we demonstrate
computational results obtained with the proposed residual distribution scheme for several challenging
test problems.
Key words. Residual distribution scheme, Lagrangian hydrodynamics, finite elements, multi-
dimensional staggered grid scheme, matrix-free method
AMS subject classifications. 65M60, 76N15, 76L05
1. Introduction. The present paper extends the results of [8] to the multidi-
mensional case. We are interested in the numerical solution of the Euler equations
in Lagrangian form. It is well known that there are two formulations of the fluid
mechanics equations, depending on whether the formulation is done in a fixed frame
(Eulerian formulation) or a reference frame moving at the fluid speed (Lagrangian
formulation). There is also an intermediate formulation, the ALE (Arbitrary Eule-
rian Lagrangian) formulation where the reference frame is moving at a speed that is
generally different from the fluid velocity. Each of these formulations has advantages
and drawbacks. The Eulerian one is conceptually the simplest because the reference
frame is not moving; this implies that the computations are performed on a fixed
grid. The two others are conceptually more complicated because of a moving refer-
ence frame; which means that the grid is moving and the mesh elements are changing
shape and thus tangling of the elements is possible.
However, moving reference frame is advantageous for computing shock waves, slip
lines, contact discontinuities and material interfaces. Usually slip lines are difficult to
compute because of excessive numerical dissipation, and hence dealing with a mesh
that moves with the flow is a straightforward way to minimize this dissipation because
the slip lines are steady in the Lagrangian frame. This nice property of a relatively
simple and efficient way to deal with slip lines has motivated many researchers, start-
ing from the seminal work of von Neumann and Richtmyer [35], to more recent works
such as [14, 25, 9, 29, 15, 16, 26, 24].
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Most of these works deal with schemes that are formally second order accurate.
Up to our knowledge, there are much less works dealing with (formally) high order
methods: either they are of discontinuous Galerkin type [32, 33, 34], use a staggered
finite element formulation [18] or an ENO/WENO formalism [15], see also the recent
developments in [11, 12, 19, 13].
In the discontinuous Galerkin (DG) formulation, all variables are associated to
the elements, while in the staggered grid formulation, the approximations of the
thermodynamic variables (such as pressure, specific internal energy or specific vol-
ume/density) are cell-centered, and thus possibly discontinuous across elements as
in the DG method, while the velocity approximation is node-based, that is, it is de-
scribed by a function that is polynomial in each element and globally continuous in
the whole computational domain. In a way this is a natural extension of the Wilkins’
scheme [36] to higher order of accuracy.
This paper follows the finite element staggered grid approach of Dobrev et al. [18].
This formulation involves two ingredients. First, the staggered discretization leads to
a global mass matrix that is block diagonal on the thermodynamic parameters (as
in DG method) and a sparse symmetric mass matrix for the velocity components
(as in finite element method). Hence, the computations require the inversion1 of a
block diagonal matrix, which is cheap, but also of a sparse symmetric positive definite
matrix, which is more expensive both in terms of CPU time and memory requirements.
In addition, every time when mesh refinement or remapping is needed (which is typical
for Lagrangian methods), this global matrix needs to be recomputed. Second, an
artificial viscosity technique is applied in order to make possible the computation of
strong discontinuities.
Our method relies on the Residual Distribution (RD) interpretation of the stag-
gered grid scheme of [18], however the artificial viscosity term is introduced differently.
See [5] and references therein for details about RD scheme for multidimensional Euler
equations. The aims of this paper are the following: (i) extend the method of [8] to
two-dimensional staggered grid formulation avoiding the inversion of the large sparse
global mass matrix while keeping all the accuracy properties and (ii) optimize the
artificial viscosity term to provide low dissipation while retaining stability. We also
present the way to ensure the conservation of the total energy, which is done similarly
to [8] and [4].
The structure of this paper is the following. In Section 2, we derive the formu-
lation of the Euler equations in Lagrangian form and then in Section 3 recall the
staggered grid formulation for multiple spacial dimensions. Next, in Section 4, we re-
call the RD formulation for time-dependent problems. In Section 4.2, we explain the
diagonalization of the global sparse mass matrix without the loss of accuracy: this
is obtained by modifying the timestepping method by applying ideas coming from
[28, 3, 8, 5, 4]. In Section 5, we explain how to adapt the RD framework to the
equations of Lagrangian hydrodynamics. In Section 6, we show how the conservation
of the total energy is ensured. In Section 7, we recall the construction of MARS (Mul-
tidirectional Approximate Riemann Solution) artificial viscosity terms from [26, 17]
and incorporate them in the first-order residuals so that the numerical viscosity de-
pends on the direction of the flow which reduces the overall numerical dissipation. We
demonstrate the robustness of the proposed scheme by considering several challenging
two-dimensional test problems in Section 8.
1By saying ”inversion of a matrix” we mean the solution of a linear system with the corresponding
matrix.
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2. Governing equations. We consider a fluid domain Ω0 ⊂ Rd, d = 1, 2, 3
that is deforming in time through the movement of the fluid, the deformed domain is
denoted by Ωt. In what follows, X denotes any point of Ω0, while x denotes any point
of Ωt, the domain obtained from Ω0 under deformation. We assume the existence of
a one-to-one mapping Φ from Ω0 to Ωt such that x = Φ(X, t) ∈ Ωt for any X ∈ Ω0.
We will call X the Lagrangian coordinates and x the Eulerian ones. The Lagrangian
description corresponds to the one of an observer moving with the fluid. In particular,
its velocity, which coincides with the fluid velocity, is given by:
(1) u(x, t) =
dx
dt
=
∂Φ
∂t
(X, t).
We also introduce the deformation tensor J (Jacobian matrix),
(2) J(x, t) = ∇XΦ(X, t) where x = Φ(X, t).
Hereafter, the notation ∇X corresponds to the differentiation with respect to La-
grangian coordinates, while ∇x corresponds to the Eulerian ones.
It is well known that the equations describing the evolution of fluid particles are
consequences of the conservation of mass, momentum and energy, as well as a technical
relation, the Reynolds transport theorem. It states that for any scalar quantity α(x, t),
we have:
(3)
d
dt
∫
ωt
α(x, t) dx =
∫
ωt
∂α
∂t
(x, t) dx+
∫
∂ωt
α(x, t)u·n dσ =
∫
ωt
(
dα
dt
+α∇x ·u
)
dx
In this relation, the set ωt is the image of any set ω0 ⊂ Ω0 by Φ, i.e. ωt = Φ(ω0, t),
dσ is the measure on the boundary of ∂ωt and n is the outward unit normal. The
gradient operator is taken with respect to the Eulerian coordinates.
The conservation of mass reads: for any ω0 ⊂ Ω0,
d
dt
∫
ωt
ρ dx = 0, ωt = Φ(ω0, t),
so that we get, defining J(x, t) = det J(x, t),
(4) J(x, t)ρ(x, t) = ρ(X, 0) := ρ0(X).
Newton’s law states that the acceleration is equal to the sum of external forces,
so that
d
dt
∫
ωt
ρu dx = −
∫
∂ωt
τ · n dσ,
where τ is the stress tensor2. Here, we have τ = −p Idd where the pressure p(x, t) is
a thermodynamic characteristic of a fluid and in the simplest case a function of two
independent thermodynamic parameters, for example the specific energy ε and the
density,
(5) p = p(ρ, ε).
The total energy of a fluid particle is ρe = ρε + 12ρu
2. Using the first principle
of thermodynamics, the variation of energy is the sum of variations of heat and the
work of the external forces. Assuming an isolated system, we get
d
dt
∫
ωt
ρ(ε+
1
2
u2) dx = −
∫
∂ωt
(
τ · u) · n dσ,
2Here, if X is a tensor and y is a vector, X · y is the usual matrix-vector multiplication.
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that is, for fluids,
d
dt
∫
ωt
ρ(ε+
1
2
u2) dx = −
∫
∂ωt
pu · n dσ.
These integral relations lead to the following formulation of conservation laws in
Lagrangian reference frame:
u(x, t) =
dx
dt
, x = Φ(X, t)
J(x, t)ρ(x, t) = ρ(X, 0) := ρ0(X),
ρ
du
dt
+∇xp = 0
ρ
dε
dt
+ p∇x · u = 0.
(6)
where p = p(ρ, ε).
3. Staggered grid formulation. Here we briefly recall the main ideas of the
staggered grid method used in [18]. A semi-discrete approximation of (6) is introduced
such that the velocity field u and coordinate x belong to a kinematic space V ⊂(
H1(Ω0)
)d
, where d is the spacial dimension; V has a basis denoted by {wiV}iV∈DV ,
the set DV is the set of kinematic degrees of freedom (DOFs) with the total number
of DOFs given by #DV = NV . The thermodynamic quantities such as the internal
energy ε and pressure p are discretized in a thermodynamic space E ⊂ L2(Ω0). As
before, this space is finite dimensional, and its basis is {φiE}iE∈DE . The set DE is the
set of thermodynamical degrees of freedom with the total number of DOFs #DE = NE .
In the following, the subscript V (resp. E) refers to kinematic (resp. thermodynamic)
degrees of freedom.
The fluid particle position x is approximated by:
(7a) x = Φ(X, t) =
∑
iV∈DV
xiV (t)wiV (X).
The domain at time t is then defined by
Ωt = {x ∈ Rd such that there exists X ∈ Ω0 : x = Φ(X, t)}
where Φ is given by (7a).
The velocity field is approximated by:
(7b) u(x, t) =
∑
iV∈DV
uiV (t)wiV (X),
and the specific internal energy is given by:
(7c) ε(x, t) =
∑
iE∈DE
εiE (t)φiE (X).
Considering the weak formulation of (6), we get:
1. For the velocity equation, for any iV ∈ DV , denoting by n the outward point-
ing unit vector of ∂Ωt,
(7d)
∫
Ωt
ρ
du
dt
wiV dx = −
∫
Ωt
τ : ∇xwiV dx +
∫
∂Ωt
(
τ · n)wiV dσ.
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Using (7b), we get3∑
jV
(∫
Ωt
ρwjVwiV dx
)
dujV
dt
= −
∫
Ωt
τ : ∇xwiV dx +
∫
∂Ωt
(
τ · n)wiV dσ.
Introducing the vector uˆ with components uiV and F the force vector given
by the right-hand side of the above equation, we get the formulation
MV
duˆ
dt
= F.
The kinematic mass matrix MV = (MViVjV ) has components
MViVjV =
∫
Ωt
ρwjVwiV dx.
Thanks to the Reynolds transport theorem (3) and mass conservation, MV
does not depend on time, see [18] for details. Note that MV is a global,
typically irreducible, sparse symmetric matrix of dimension NV×NV because
the shape functions of DV are continuous.
2. For the internal energy, we get a similar form,
(7e)
∫
Ωt
ρ
dε
dt
φiE dx =
∫
Ωt
φiEτ : ∇xu dx,
which leads to
ME
dεˆ
dt
= W,
where εˆ is the vector with components εiE , the thermodynamic mass matrix
ME = (MEiEjE ) with entries M
E
iEjE =
∫
Ωt
φiEφjE dx is again independent of
time and W is the right-hand side of (7e). Note that the thermodynamic
mass matrix can be made block-diagonal by considering the shape functions
with local support in K ∈ Ω0.
3. The mass satisfies:
(7f) det J(x, t)ρ(x, t) = ρ0(X)
where ρ0 ∈ E and the deformation tensor J is evaluated according to (7a).
4. The positions xiV satisfy:
(7g)
dxiV
dt
= uiV (xiV , t)
It remains to define the discrete spaces V and E . To do this, we consider a
conformal triangulation of the initial computational domain Ω0 ⊂ Rd, d = 1, 2, 3,
which we shall denote by Th. We denote by K any element of Th and assume for
simplicity that ∪KK = Ω0. The set of boundary faces is denoted by B and a generic
boundary face is denoted by f , thus ∪f∈Bf = ∂Ω0. As usual, denoting by Pr(K)
the set of polynomials of degree at most r defined on K, we consider two functional
spaces (with integer r > 1):
V = {v ∈ L2(Ω0)d,∀K,v|K ∈ Pr(K)d} ∩ C0(Ω0)
3Here, if X and Y are tensors, X : Y is the contraction X : Y = trace(XTY).
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and
E = {θ ∈ L2(Ω0),∀K, θ|K ∈ Pr−1(K)}.
The matrix ME is symmetric positive definite block-diagonal while MV is only a
sparse symmetric positive definite matrix.
The fundamental assumption made here is that the mapping Φ is bijective. In
numerical situations, this can be hard to achieve for long-time simulations, and thus
mesh remapping and re-computation of the matrices ME and MV must be done from
time to time; this issue is however outside of the scope of this paper, see [10] for
detailed discussion.
The scheme defined by (7) is linearly stable because of the choices of the test and
trial functions, but only linearly stable. Since we are looking for possibly discontinuous
solutions, one possible approach to ensure stability is to add mechanism of artificial
viscosity [35, 18] . The idea amounts to modifying the stress tensor τ = −pIdd by
τ = −pIdd + τ a(x, t), where the term τ a(x, t) specifies the artificial viscosity. We
refer to [18] for details on the construction of τ a(x, t).
It is possible to rewrite the system (6), and in particular the relations (7d) and
(7e) in a slightly different way. Let K be any element of the triangulation Th, and for
the kinematic degrees of freedom iV ∈ DV and the thermodynamic degrees of freedom
iE ∈ DE consider the quantities
ΦKV,iV =
∫
K
τ : ∇xwiV dx−
∫
∂K
τˆnwiVdσ,
ΦKE,iE = −
∫
K
φKiEτ : ∇xu dx,
where τˆn is any numerical flux consistent with τ · n, see e. g. [31].
Using the compactness of the support of the basis functions wiV and φiE , we can
rewrite the relations (7d) and (7e) as follows4:
(8a)
∫
Ωt
ρ
du
dt
wiV dx +
∑
K3iV
ΦKV,iV = 0
and
(8b)
∫
Ωt
ρ
dε
dt
φiE dx +
∑
K3iE
ΦKE,iE = 0,
and we notice that on each element K, we have:∑
iE∈K
ΦKE,iE +
∑
iV∈K
uiV ·ΦKV,iV = −
∑
iE∈K
∫
K
φKiEτ : ∇xu dx
+
∑
iV∈K
(
uiV ·
∫
K
τ : ∇xwiV dx− uiV ·
∫
∂K
τˆnwiV dσ
)
= −
∫
K
τ : ∇xu dx +
∫
K
τ : ∇xu dx−
∫
∂K
τˆn · u dσ = −
∫
∂K
τˆn · u dσ.
(8c)
There is no ambiguity in the definition of the last integral in (8c) because u is
continuous across ∂K and the numerical flux τˆn is well defined.
4Hereafter, we use the notation
∑
K3i
to indicate that the summation is done over all elements K
containing a degree of freedom i
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4. Residual distribution scheme. In this section, we briefly recall the concept
of residual distribution schemes for the following problem in Ω ⊂ Rd:
∂u
∂t
+∇x · f(u) = 0
with the initial condition u(x, 0) = u0(x). For simplicity we assume that u is a real-
valued function. Again, we consider a triangulation Th of Ω. We want to approximate
u in
Vh = {u ∈ L2(Ω), for any K ∈ Th, u|K ∈ Pr} ∩ C0(Ω).
The set {ϕi} is a basis of Vh, and ui are such that
(9) u =
∑
i
uiϕi.
As usual, h represents the maximal diameter of the element of Th. We use the same
notations as before, and here the index i denotes a generic degree of freedom.
4.1. Residual distribution framework for steady problems. We start by
the steady problem,
∇x · f(u) = 0
and omit, for the sake of simplicity, the boundary conditions, see [2] for details. We
consider schemes of the form: for any degree of freedom i,
(10)
∑
K3i
ΦKi (u) = 0.
The residuals must satisfy the conservation relation: for any K,
(11)
∑
i∈K
ΦKi (u) =
∫
∂K
fh · n dσ := ΦK(u).
Here, fh · n is an (r + 1)-th order approximation of f(u) · n. Given a sequence of
meshes that are shape regular with h→ 0, one can construct a sequence of solution.
In [7], it is shown that , if (i) this sequence of solutions stays bounded in L∞, (ii)
a sub-sequence of it converges in L2(Ω) towards a limit u and (iii) the residuals are
continuous with respect to u, then the conservation condition guaranties that u is a
weak solution of the problem.
A typical example of such residual is the Rusanov residual,
ΦK,Rusi (u) = −
∫
K
∇xϕi · fh dx +
∫
∂K
fh · nϕi dσ + αK(ui − u¯K),
where
u¯K =
1
NK
∑
j∈K
uj
with NK being the number of degrees of freedom inside an element K and
αK > |K| max
i∈K
max
x∈K
ρ
(∇uf(u) · ∇ϕi).
Here, ρ(A) is the spectral radius of the matrix A.
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This residual can be rewritten as
ΦK,Rusi (u) =
∑
j∈K
cKij (ui − uj)
with cKji > 0. It is easy to see that using the Rusanov residual leads to very dissipative
solutions, but the scheme is easily shown to be monotonicity preserving in the scalar
case, see for example [7]. There is a systematic way of improving the accuracy. One
can show [7] that if the residuals satisfy, for any degree of freedom i,
ΦKi (u
h
ex) = O(h
k+d),
where uex is the exact solution of the steady problem, u
h
ex is an interpolation of order
k + 1 and d is the dimension of the problem, then the scheme is formally of order
k + 1. It is shown in [7] how to achieve a high order of accuracy while keeping the
monotonicity preserving property. A systematic way of achieving this is to set:
(12) ΦKi (u) = β
K
i (u)Φ
K(u),
where the distribution coefficients βKi (u) are given by
(13) βKi (u) =
max
(ΦK,Rusi
ΦK
, 0
)
∑
j∈K
max
(ΦK,Rusj
ΦK
, 0
)
and ΦK is defined by (11). Some refinements exist in order to get an entropy inequal-
ity, see [1] for example. Note that βKi (u) is constant on K.
It is easy to see that one can rewrite (12) in a Petrov-Galerkin fashion:
ΦKi (u) =
∫
K
βKi (u)∇x · fh dx =
∫
K
ϕi∇x · fh dx +
∫
K
(
βKi (u)− ϕi
)∇ufh · ∇xu dx
= −
∫
K
∇xϕi · fh dx +
∫
∂K
ϕi f
h · n dσ +
∫
K
(
βKi (u)− ϕi
)∇ufh · ∇xu dx,
so that from (10) we get
0 = −
∫
Ω
∇xϕi · fh dx +
∫
∂Ω
ϕif
h(u) · n dσ +
∑
K3i
∫
K
(
βKi (u)− ϕi
)∇ufh · ∇xu dx.
Inspired by this formulation, we would naturally discretize the unsteady problem
as:
(14) 0 =
∫
Ω
ϕi
∂u
∂t
dx−
∫
Ω
∇xϕi · fh dx +
∫
∂Ω
ϕi f
h(u) · n dσ
+
∑
K3i
∫
K
(
βKi (u)− ϕi
)(∂u
∂t
+∇ufh · ∇xu
)
dx.
The formulation (14) can be as well derived from (10) by introducing the ”space-
time” residuals (the value of βKi is not relevant at this stage)
(15) ΦKi (u) = β
K
i (u)
∫
K
(
∂u
∂t
+∇x · fh(u)
)
dx.
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The semi-discrete scheme (14) requires an appropriate ODE solver for time-stepping.
A straightforward discretization of (14) would lead to a mass matrix M = (Mij)i,j
with entries
Mij =
∫
Ω
ϕiϕj dx +
∑
K3i
∫
K
(
βKi (u)− ϕi
)
ϕj dx.
Unfortunately, this matrix has no special structure, might not be invertible (so the
problem is not even well posed!), and in any case it is highly non linear since βKi
depends on u. A solution to circumvent the problem has been proposed in [28].
The main idea is to keep the spatial structure of the scheme and slightly modify the
temporal one without violating the formal accuracy. A second order version of the
method is designed in [28] and extension to high order is explained in [3]. For the
purposes of this paper and for comparison with [18] we only need the second order
case.
Hence, the main steps of the residual distribution approach could be summa-
rized as follows (see also Fig. 1 where the approach is illustrated for linear FEM on
triangular elements):
1. We define for all K ∈ Ωh a fluctuation term (total residual), see Fig. 1(a)
ΦK(u) =
∫
K
∇x · fh(u) dx =
∫
∂K
fh(u) · n dσ
2. We define a nodal residual ΦKi (u) as the contribution to the fluctuation term
ΦK from a degree of freedom (DOF) i within the element K, so that the
following conservation property holds (see Fig. 1(b)): for any element K in
Ω,
(16) ΦK(u) =
∑
i∈K
ΦKi (u),
The distribution strategy, i.e. how much of the fluctuation term has to be
taken into account on each DOF i ∈ K, is defined by means of the distribution
coefficients βi:
(17) ΦKi = β
K
i Φ
K ,
where, due to (16), ∑
i∈K
βKi = 1.
3. The resulting scheme is obtained by collecting all the residual contributions
ΦKi from elements K surrounding a node i ∈ Ω (see Fig. 1(c)), that is
(18)
∑
K3i
ΦKi (u) = 0, ∀i ∈ Ω,
which allows to calculate the coefficients ui in the approximation (9).
10 R. ABGRALL, K. LIPNIKOV, N. MORGAN AND S. TOKAREVA
 K =
Z
K
rx · f dx
<latexit sha1_base64="yeZYgv2egZ30nyFhsteprpB/zv8=">AA ACL3icbVDLSgMxFM34rPVVdekmWAQXUmZE0I1QFERwU8FqoalDJpOxwUxmSO6IZZg/cuOvdCOiiFv/wrRWfNQDgZNz7uXee4JUCgOu++RMT E5Nz8yW5srzC4tLy5WV1QuTZJrxJktkolsBNVwKxZsgQPJWqjmNA8kvg5ujgX95y7URiTqHXso7Mb1WIhKMgpX8yjFpdMXVKT7ARCggUsQC jH+KiaKBpH5OYgrdIMrvioKwMIGvf1SQ7fDb9CtVt+YOgceJNyJVNELDr/RJmLAs5gqYpMa0PTeFTk41CCZ5USaZ4SllN/Saty1VNOamkw/ vLfCmVUIcJdo+BXio/uzIaWxMLw5s5WBD89cbiP957Qyi/U4uVJoBV+xzUJRJDAkehIdDoTkD2bOEMi3srph1qaYMbMRlG4L39+RxcrFT89y ad7ZbrR+O4iihdbSBtpCH9lAdnaAGaiKG7lEfPaMX58F5dF6dt8/SCWfUs4Z+wXn/AJ76qrQ=</latexit><latexit sha1_base64="yeZYgv2egZ30nyFhsteprpB/zv8=">AA ACL3icbVDLSgMxFM34rPVVdekmWAQXUmZE0I1QFERwU8FqoalDJpOxwUxmSO6IZZg/cuOvdCOiiFv/wrRWfNQDgZNz7uXee4JUCgOu++RMT E5Nz8yW5srzC4tLy5WV1QuTZJrxJktkolsBNVwKxZsgQPJWqjmNA8kvg5ujgX95y7URiTqHXso7Mb1WIhKMgpX8yjFpdMXVKT7ARCggUsQC jH+KiaKBpH5OYgrdIMrvioKwMIGvf1SQ7fDb9CtVt+YOgceJNyJVNELDr/RJmLAs5gqYpMa0PTeFTk41CCZ5USaZ4SllN/Saty1VNOamkw/ vLfCmVUIcJdo+BXio/uzIaWxMLw5s5WBD89cbiP957Qyi/U4uVJoBV+xzUJRJDAkehIdDoTkD2bOEMi3srph1qaYMbMRlG4L39+RxcrFT89y ad7ZbrR+O4iihdbSBtpCH9lAdnaAGaiKG7lEfPaMX58F5dF6dt8/SCWfUs4Z+wXn/AJ76qrQ=</latexit><latexit sha1_base64="yeZYgv2egZ30nyFhsteprpB/zv8=">AA ACL3icbVDLSgMxFM34rPVVdekmWAQXUmZE0I1QFERwU8FqoalDJpOxwUxmSO6IZZg/cuOvdCOiiFv/wrRWfNQDgZNz7uXee4JUCgOu++RMT E5Nz8yW5srzC4tLy5WV1QuTZJrxJktkolsBNVwKxZsgQPJWqjmNA8kvg5ujgX95y7URiTqHXso7Mb1WIhKMgpX8yjFpdMXVKT7ARCggUsQC jH+KiaKBpH5OYgrdIMrvioKwMIGvf1SQ7fDb9CtVt+YOgceJNyJVNELDr/RJmLAs5gqYpMa0PTeFTk41CCZ5USaZ4SllN/Saty1VNOamkw/ vLfCmVUIcJdo+BXio/uzIaWxMLw5s5WBD89cbiP957Qyi/U4uVJoBV+xzUJRJDAkehIdDoTkD2bOEMi3srph1qaYMbMRlG4L39+RxcrFT89y ad7ZbrR+O4iihdbSBtpCH9lAdnaAGaiKG7lEfPaMX58F5dF6dt8/SCWfUs4Z+wXn/AJ76qrQ=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AA AB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b /+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7K DDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5w tdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latex it><latexit sha1_base64="EIBbJ4BOI9+lNbpRbpLAaHCBrWk=">AA ACJHicbVDLSsQwFL317fga3boJiuBChtaNbgRBEMHNCI4jTMaSpqkTTNOS3IpD6R+58VfciCjip5h5iM8DF07OuZfce6JcSYu+/+xNTE5Nz 8zOzdcWFpeWV+qrixc2KwwXLZ6pzFxGzAoltWihRCUucyNYGinRjm6OBn77VhgrM32O/Vx0U3atZSI5QyeF9WPa7MmrU3JAqNRIlUwl2vCU UM0ixcKSpgx7UVLeVRXlcYaf76SiO/GXGdY3/YY/BPlLgjHZhDGaYf2RxhkvUqGRK2ZtJ/Bz7JbMoORKVDVaWJEzfsOuRcdRzVJhu+Xw3op sOSUmSWZcaSRD9ftEyVJr+2nkOgcb2t/eQPzP6xSY7HdLqfMCheajj5JCEczIIDwSSyM4qr4jjBvpdiW8xwzj6CKuuRCC3yf/JRe7jcBvBGc +zME6bMA2BLAHh3ACTWgBh3t4hBd49R68J+9tFNeEN85tDX7Ae/8AUB+pGg==</latexit><latexit sha1_base64="EIBbJ4BOI9+lNbpRbpLAaHCBrWk=">AA ACJHicbVDLSsQwFL317fga3boJiuBChtaNbgRBEMHNCI4jTMaSpqkTTNOS3IpD6R+58VfciCjip5h5iM8DF07OuZfce6JcSYu+/+xNTE5Nz 8zOzdcWFpeWV+qrixc2KwwXLZ6pzFxGzAoltWihRCUucyNYGinRjm6OBn77VhgrM32O/Vx0U3atZSI5QyeF9WPa7MmrU3JAqNRIlUwl2vCU UM0ixcKSpgx7UVLeVRXlcYaf76SiO/GXGdY3/YY/BPlLgjHZhDGaYf2RxhkvUqGRK2ZtJ/Bz7JbMoORKVDVaWJEzfsOuRcdRzVJhu+Xw3op sOSUmSWZcaSRD9ftEyVJr+2nkOgcb2t/eQPzP6xSY7HdLqfMCheajj5JCEczIIDwSSyM4qr4jjBvpdiW8xwzj6CKuuRCC3yf/JRe7jcBvBGc +zME6bMA2BLAHh3ACTWgBh3t4hBd49R68J+9tFNeEN85tDX7Ae/8AUB+pGg==</latexit><latexit sha1_base64="78EPPHKh7ddXsWO68/5fdjcqF3Y=">AA ACL3icbVDLSgMxFM34tr6qLt0Ei+BCyowb3QiiIIKbCrYKTR0ymUwbmskMyR2xDPNHbvwVNyKKuPUvTB+ith4InJxzL/feE6RSGHDdF2dqe mZ2bn5hsbS0vLK6Vl7faJgk04zXWSITfRNQw6VQvA4CJL9JNadxIPl10D3t+9d3XBuRqCvopbwV07YSkWAUrOSXz0itI24v8BEmQgGRIhZg /AtMFA0k9XMSU+gEUX5fFISFCXz/o4LshT+mX664VXcAPEm8EamgEWp++YmECctiroBJakzTc1No5VSDYJIXJZIZnlLWpW3etFTRmJtWPri 3wDtWCXGUaPsU4IH6uyOnsTG9OLCV/Q3NuNcX//OaGUSHrVyoNAOu2HBQlEkMCe6Hh0OhOQPZs4QyLeyumHWopgxsxCUbgjd+8iRp7Fc9t+p dupXjk1EcC2gLbaNd5KEDdIzOUQ3VEUMP6Am9ojfn0Xl23p2PYemUM+rZRH/gfH4BnbqqsA==</latexit><latexit sha1_base64="yeZYgv2egZ30nyFhsteprpB/zv8=">AA ACL3icbVDLSgMxFM34rPVVdekmWAQXUmZE0I1QFERwU8FqoalDJpOxwUxmSO6IZZg/cuOvdCOiiFv/wrRWfNQDgZNz7uXee4JUCgOu++RMT E5Nz8yW5srzC4tLy5WV1QuTZJrxJktkolsBNVwKxZsgQPJWqjmNA8kvg5ujgX95y7URiTqHXso7Mb1WIhKMgpX8yjFpdMXVKT7ARCggUsQC jH+KiaKBpH5OYgrdIMrvioKwMIGvf1SQ7fDb9CtVt+YOgceJNyJVNELDr/RJmLAs5gqYpMa0PTeFTk41CCZ5USaZ4SllN/Saty1VNOamkw/ vLfCmVUIcJdo+BXio/uzIaWxMLw5s5WBD89cbiP957Qyi/U4uVJoBV+xzUJRJDAkehIdDoTkD2bOEMi3srph1qaYMbMRlG4L39+RxcrFT89y ad7ZbrR+O4iihdbSBtpCH9lAdnaAGaiKG7lEfPaMX58F5dF6dt8/SCWfUs4Z+wXn/AJ76qrQ=</latexit><latexit sha1_base64="yeZYgv2egZ30nyFhsteprpB/zv8=">AA ACL3icbVDLSgMxFM34rPVVdekmWAQXUmZE0I1QFERwU8FqoalDJpOxwUxmSO6IZZg/cuOvdCOiiFv/wrRWfNQDgZNz7uXee4JUCgOu++RMT E5Nz8yW5srzC4tLy5WV1QuTZJrxJktkolsBNVwKxZsgQPJWqjmNA8kvg5ujgX95y7URiTqHXso7Mb1WIhKMgpX8yjFpdMXVKT7ARCggUsQC jH+KiaKBpH5OYgrdIMrvioKwMIGvf1SQ7fDb9CtVt+YOgceJNyJVNELDr/RJmLAs5gqYpMa0PTeFTk41CCZ5USaZ4SllN/Saty1VNOamkw/ vLfCmVUIcJdo+BXio/uzIaWxMLw5s5WBD89cbiP957Qyi/U4uVJoBV+xzUJRJDAkehIdDoTkD2bOEMi3srph1qaYMbMRlG4L39+RxcrFT89y ad7ZbrR+O4iihdbSBtpCH9lAdnaAGaiKG7lEfPaMX58F5dF6dt8/SCWfUs4Z+wXn/AJ76qrQ=</latexit><latexit sha1_base64="yeZYgv2egZ30nyFhsteprpB/zv8=">AA ACL3icbVDLSgMxFM34rPVVdekmWAQXUmZE0I1QFERwU8FqoalDJpOxwUxmSO6IZZg/cuOvdCOiiFv/wrRWfNQDgZNz7uXee4JUCgOu++RMT E5Nz8yW5srzC4tLy5WV1QuTZJrxJktkolsBNVwKxZsgQPJWqjmNA8kvg5ujgX95y7URiTqHXso7Mb1WIhKMgpX8yjFpdMXVKT7ARCggUsQC jH+KiaKBpH5OYgrdIMrvioKwMIGvf1SQ7fDb9CtVt+YOgceJNyJVNELDr/RJmLAs5gqYpMa0PTeFTk41CCZ5USaZ4SllN/Saty1VNOamkw/ vLfCmVUIcJdo+BXio/uzIaWxMLw5s5WBD89cbiP957Qyi/U4uVJoBV+xzUJRJDAkehIdDoTkD2bOEMi3srph1qaYMbMRlG4L39+RxcrFT89y ad7ZbrR+O4iihdbSBtpCH9lAdnaAGaiKG7lEfPaMX58F5dF6dt8/SCWfUs4Z+wXn/AJ76qrQ=</latexit><latexit sha1_base64="yeZYgv2egZ30nyFhsteprpB/zv8=">AA ACL3icbVDLSgMxFM34rPVVdekmWAQXUmZE0I1QFERwU8FqoalDJpOxwUxmSO6IZZg/cuOvdCOiiFv/wrRWfNQDgZNz7uXee4JUCgOu++RMT E5Nz8yW5srzC4tLy5WV1QuTZJrxJktkolsBNVwKxZsgQPJWqjmNA8kvg5ujgX95y7URiTqHXso7Mb1WIhKMgpX8yjFpdMXVKT7ARCggUsQC jH+KiaKBpH5OYgrdIMrvioKwMIGvf1SQ7fDb9CtVt+YOgceJNyJVNELDr/RJmLAs5gqYpMa0PTeFTk41CCZ5USaZ4SllN/Saty1VNOamkw/ vLfCmVUIcJdo+BXio/uzIaWxMLw5s5WBD89cbiP957Qyi/U4uVJoBV+xzUJRJDAkehIdDoTkD2bOEMi3srph1qaYMbMRlG4L39+RxcrFT89y ad7ZbrR+O4iihdbSBtpCH9lAdnaAGaiKG7lEfPaMX58F5dF6dt8/SCWfUs4Z+wXn/AJ76qrQ=</latexit><latexit sha1_base64="yeZYgv2egZ30nyFhsteprpB/zv8=">AA ACL3icbVDLSgMxFM34rPVVdekmWAQXUmZE0I1QFERwU8FqoalDJpOxwUxmSO6IZZg/cuOvdCOiiFv/wrRWfNQDgZNz7uXee4JUCgOu++RMT E5Nz8yW5srzC4tLy5WV1QuTZJrxJktkolsBNVwKxZsgQPJWqjmNA8kvg5ujgX95y7URiTqHXso7Mb1WIhKMgpX8yjFpdMXVKT7ARCggUsQC jH+KiaKBpH5OYgrdIMrvioKwMIGvf1SQ7fDb9CtVt+YOgceJNyJVNELDr/RJmLAs5gqYpMa0PTeFTk41CCZ5USaZ4SllN/Saty1VNOamkw/ vLfCmVUIcJdo+BXio/uzIaWxMLw5s5WBD89cbiP957Qyi/U4uVJoBV+xzUJRJDAkehIdDoTkD2bOEMi3srph1qaYMbMRlG4L39+RxcrFT89y ad7ZbrR+O4iihdbSBtpCH9lAdnaAGaiKG7lEfPaMX58F5dF6dt8/SCWfUs4Z+wXn/AJ76qrQ=</latexit><latexit sha1_base64="yeZYgv2egZ30nyFhsteprpB/zv8=">AA ACL3icbVDLSgMxFM34rPVVdekmWAQXUmZE0I1QFERwU8FqoalDJpOxwUxmSO6IZZg/cuOvdCOiiFv/wrRWfNQDgZNz7uXee4JUCgOu++RMT E5Nz8yW5srzC4tLy5WV1QuTZJrxJktkolsBNVwKxZsgQPJWqjmNA8kvg5ujgX95y7URiTqHXso7Mb1WIhKMgpX8yjFpdMXVKT7ARCggUsQC jH+KiaKBpH5OYgrdIMrvioKwMIGvf1SQ7fDb9CtVt+YOgceJNyJVNELDr/RJmLAs5gqYpMa0PTeFTk41CCZ5USaZ4SllN/Saty1VNOamkw/ vLfCmVUIcJdo+BXio/uzIaWxMLw5s5WBD89cbiP957Qyi/U4uVJoBV+xzUJRJDAkehIdDoTkD2bOEMi3srph1qaYMbMRlG4L39+RxcrFT89y ad7ZbrR+O4iihdbSBtpCH9lAdnaAGaiKG7lEfPaMX58F5dF6dt8/SCWfUs4Z+wXn/AJ76qrQ=</latexit>
i
<latexit sha1_base64=" 9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+ 3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8I BFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMS qG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9 GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTS MEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2 fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+Xm vDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWO qKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7Bg xrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/P fYzt</latexit><latexit sha1_base64=" 9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+ 3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8I BFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMS qG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9 GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTS MEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2 fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+Xm vDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWO qKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7Bg xrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/P fYzt</latexit><latexit sha1_base64=" 9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+ 3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8I BFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMS qG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9 GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTS MEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2 fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+Xm vDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWO qKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7Bg xrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/P fYzt</latexit><latexit sha1_base64=" 9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+ 3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8I BFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMS qG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9 GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTS MEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2 fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+Xm vDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWO qKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7Bg xrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/P fYzt</latexit>
j
<latexit sha1_base64="ocTLVc574NOAe/DoMycp9 A9e/3g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3bbzSbsboQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoE toPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe6XK27VXYCsEy8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAmelX qoxoWxCh9i1VNIItZ8tDp2RC6sMSBgrW9KQhfp7IqOR1tMosJ0RNSO96s3F/7xuasJbP+MySQ1KtlwUpoKYmM y/JgOukBkxtYQyxe2thI2ooszYbEo2BG/15XXSuqp6btVrXFdqd3kcRTiDc7gED26gBg9QhyYwQHiGV3hzxs6 L8+58LFsLTj5zCn/gfP4A0QGM7g==</latexit><latexit sha1_base64="ocTLVc574NOAe/DoMycp9 A9e/3g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3bbzSbsboQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoE toPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe6XK27VXYCsEy8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAmelX qoxoWxCh9i1VNIItZ8tDp2RC6sMSBgrW9KQhfp7IqOR1tMosJ0RNSO96s3F/7xuasJbP+MySQ1KtlwUpoKYmM y/JgOukBkxtYQyxe2thI2ooszYbEo2BG/15XXSuqp6btVrXFdqd3kcRTiDc7gED26gBg9QhyYwQHiGV3hzxs6 L8+58LFsLTj5zCn/gfP4A0QGM7g==</latexit><latexit sha1_base64="ocTLVc574NOAe/DoMycp9 A9e/3g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3bbzSbsboQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoE toPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe6XK27VXYCsEy8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAmelX qoxoWxCh9i1VNIItZ8tDp2RC6sMSBgrW9KQhfp7IqOR1tMosJ0RNSO96s3F/7xuasJbP+MySQ1KtlwUpoKYmM y/JgOukBkxtYQyxe2thI2ooszYbEo2BG/15XXSuqp6btVrXFdqd3kcRTiDc7gED26gBg9QhyYwQHiGV3hzxs6 L8+58LFsLTj5zCn/gfP4A0QGM7g==</latexit><latexit sha1_base64="ocTLVc574NOAe/DoMycp9 A9e/3g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3bbzSbsboQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoE toPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe6XK27VXYCsEy8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAmelX qoxoWxCh9i1VNIItZ8tDp2RC6sMSBgrW9KQhfp7IqOR1tMosJ0RNSO96s3F/7xuasJbP+MySQ1KtlwUpoKYmM y/JgOukBkxtYQyxe2thI2ooszYbEo2BG/15XXSuqp6btVrXFdqd3kcRTiDc7gED26gBg9QhyYwQHiGV3hzxs6 L8+58LFsLTj5zCn/gfP4A0QGM7g==</latexit>
k
<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwd UeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoE doLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelf qoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmM y/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86 L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwd UeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoE doLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelf qoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmM y/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86 L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwd UeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoE doLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelf qoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmM y/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86 L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwd UeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoE doLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelf qoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmM y/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86 L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit>
(a) Step 1: Compute fluctuation
i
<latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyD rxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qe W/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit><latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyD rxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qe W/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit><latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyD rxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qe W/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit><latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyD rxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qe W/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit>
j
<latexit sha1_base64="ocTLVc574NOAe/DoMycp9A9e/3g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lE0GPRi8cW7Ae0oWy2k3bbzSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe6XK27VXYC sEy8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAmelXqoxoWxCh9i1VNIItZ8tDp2RC6sMSBgrW9KQhfp7IqOR1tMosJ0RNSO96s3F/7xuasJbP+MySQ1KtlwUpoKYmMy/JgOukBkxtYQyxe2thI2ooszYbEo2BG/15XXSuqp6 btVrXFdqd3kcRTiDc7gED26gBg9QhyYwQHiGV3hzxs6L8+58LFsLTj5zCn/gfP4A0QGM7g==</latexit><latexit sha1_base64="ocTLVc574NOAe/DoMycp9A9e/3g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lE0GPRi8cW7Ae0oWy2k3bbzSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe6XK27VXYC sEy8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAmelXqoxoWxCh9i1VNIItZ8tDp2RC6sMSBgrW9KQhfp7IqOR1tMosJ0RNSO96s3F/7xuasJbP+MySQ1KtlwUpoKYmMy/JgOukBkxtYQyxe2thI2ooszYbEo2BG/15XXSuqp6 btVrXFdqd3kcRTiDc7gED26gBg9QhyYwQHiGV3hzxs6L8+58LFsLTj5zCn/gfP4A0QGM7g==</latexit><latexit sha1_base64="ocTLVc574NOAe/DoMycp9A9e/3g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lE0GPRi8cW7Ae0oWy2k3bbzSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe6XK27VXYC sEy8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAmelXqoxoWxCh9i1VNIItZ8tDp2RC6sMSBgrW9KQhfp7IqOR1tMosJ0RNSO96s3F/7xuasJbP+MySQ1KtlwUpoKYmMy/JgOukBkxtYQyxe2thI2ooszYbEo2BG/15XXSuqp6 btVrXFdqd3kcRTiDc7gED26gBg9QhyYwQHiGV3hzxs6L8+58LFsLTj5zCn/gfP4A0QGM7g==</latexit><latexit sha1_base64="ocTLVc574NOAe/DoMycp9A9e/3g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lE0GPRi8cW7Ae0oWy2k3bbzSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe6XK27VXYC sEy8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAmelXqoxoWxCh9i1VNIItZ8tDp2RC6sMSBgrW9KQhfp7IqOR1tMosJ0RNSO96s3F/7xuasJbP+MySQ1KtlwUpoKYmMy/JgOukBkxtYQyxe2thI2ooszYbEo2BG/15XXSuqp6 btVrXFdqd3kcRTiDc7gED26gBg9QhyYwQHiGV3hzxs6L8+58LFsLTj5zCn/gfP4A0QGM7g==</latexit>
k
<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYC sEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6 btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYC sEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6 btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYC sEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6 btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYC sEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6 btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit>
 K<latexit sha1_base64="MMybLfxYgRbxk6HtXi6nq9LwsFM=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF8FLBfsB7VqyabaNzSZL khXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxnreNyqsrK6tbxQ3S1vbO7t75f2DplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4up76rSemDVfy3o4TFsRkIHnEKbFOanbrQ/5w2ytXvKo3A14mfk4qkKPeK391+4qmMZOWCmJMx/cSG2REW04Fm5S6qWEJoSMyYB1HJYmZCbLZtRN84pQ+jpR2 JS2eqb8nMhIbM45D1xkTOzSL3lT8z+ukNroMMi6T1DJJ54uiVGCr8PR13OeaUSvGjhCqubsV0yHRhFoXUMmF4C++vEyaZ1Xfq/p355XaVR5HEY7gGE7BhwuowQ3UoQEUHuEZXuENKfSC3tHHvLWA8plD+AP0+QMwKY7c</latexit><latexit sha1_base64="MMybLfxYgRbxk6HtXi6nq9LwsFM=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF8FLBfsB7VqyabaNzSZL khXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxnreNyqsrK6tbxQ3S1vbO7t75f2DplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4up76rSemDVfy3o4TFsRkIHnEKbFOanbrQ/5w2ytXvKo3A14mfk4qkKPeK391+4qmMZOWCmJMx/cSG2REW04Fm5S6qWEJoSMyYB1HJYmZCbLZtRN84pQ+jpR2 JS2eqb8nMhIbM45D1xkTOzSL3lT8z+ukNroMMi6T1DJJ54uiVGCr8PR13OeaUSvGjhCqubsV0yHRhFoXUMmF4C++vEyaZ1Xfq/p355XaVR5HEY7gGE7BhwuowQ3UoQEUHuEZXuENKfSC3tHHvLWA8plD+AP0+QMwKY7c</latexit><latexit sha1_base64="MMybLfxYgRbxk6HtXi6nq9LwsFM=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF8FLBfsB7VqyabaNzSZL khXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxnreNyqsrK6tbxQ3S1vbO7t75f2DplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4up76rSemDVfy3o4TFsRkIHnEKbFOanbrQ/5w2ytXvKo3A14mfk4qkKPeK391+4qmMZOWCmJMx/cSG2REW04Fm5S6qWEJoSMyYB1HJYmZCbLZtRN84pQ+jpR2 JS2eqb8nMhIbM45D1xkTOzSL3lT8z+ukNroMMi6T1DJJ54uiVGCr8PR13OeaUSvGjhCqubsV0yHRhFoXUMmF4C++vEyaZ1Xfq/p355XaVR5HEY7gGE7BhwuowQ3UoQEUHuEZXuENKfSC3tHHvLWA8plD+AP0+QMwKY7c</latexit><latexit sha1_base64="MMybLfxYgRbxk6HtXi6nq9LwsFM=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF8FLBfsB7VqyabaNzSZL khXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxnreNyqsrK6tbxQ3S1vbO7t75f2DplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4up76rSemDVfy3o4TFsRkIHnEKbFOanbrQ/5w2ytXvKo3A14mfk4qkKPeK391+4qmMZOWCmJMx/cSG2REW04Fm5S6qWEJoSMyYB1HJYmZCbLZtRN84pQ+jpR2 JS2eqb8nMhIbM45D1xkTOzSL3lT8z+ukNroMMi6T1DJJ54uiVGCr8PR13OeaUSvGjhCqubsV0yHRhFoXUMmF4C++vEyaZ1Xfq/p355XaVR5HEY7gGE7BhwuowQ3UoQEUHuEZXuENKfSC3tHHvLWA8plD+AP0+QMwKY7c</latexit>
 Ki<latexit sha1_base64="svTW0NPMm6gw/VgO2kxpywgY8Ho=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpbNdtIu3W zi7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXU/91hMqzWN5b8YJ+hEdSB5yRo2V2t36kD/c9nivXHGr7gxkmXg5qUCOeq/81e3HLI1QGiao1h3PTYyfUWU4EzgpdVONCWUjOsCOpZJGqP1sdu+En FilT8JY2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UhNe+hmXSWpQsvmiMBXExGT6POlzhcyIsSWUKW5vJWxIFWXGRlSyIXiLLy+T5lnVc6ve3XmldpXHUYQjOIZT8OACanADdWgAAwHP8ApvzqPz4rw7H/PWgpPPHMIfOJ8/reGPuA==</latexit><latexit sha1_base64="svTW0NPMm6gw/VgO2kxpywgY8Ho=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpbNdtIu3W zi7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXU/91hMqzWN5b8YJ+hEdSB5yRo2V2t36kD/c9nivXHGr7gxkmXg5qUCOeq/81e3HLI1QGiao1h3PTYyfUWU4EzgpdVONCWUjOsCOpZJGqP1sdu+En FilT8JY2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UhNe+hmXSWpQsvmiMBXExGT6POlzhcyIsSWUKW5vJWxIFWXGRlSyIXiLLy+T5lnVc6ve3XmldpXHUYQjOIZT8OACanADdWgAAwHP8ApvzqPz4rw7H/PWgpPPHMIfOJ8/reGPuA==</latexit><latexit sha1_base64="svTW0NPMm6gw/VgO2kxpywgY8Ho=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpbNdtIu3W zi7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXU/91hMqzWN5b8YJ+hEdSB5yRo2V2t36kD/c9nivXHGr7gxkmXg5qUCOeq/81e3HLI1QGiao1h3PTYyfUWU4EzgpdVONCWUjOsCOpZJGqP1sdu+En FilT8JY2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UhNe+hmXSWpQsvmiMBXExGT6POlzhcyIsSWUKW5vJWxIFWXGRlSyIXiLLy+T5lnVc6ve3XmldpXHUYQjOIZT8OACanADdWgAAwHP8ApvzqPz4rw7H/PWgpPPHMIfOJ8/reGPuA==</latexit><latexit sha1_base64="svTW0NPMm6gw/VgO2kxpywgY8Ho=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpbNdtIu3W zi7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXU/91hMqzWN5b8YJ+hEdSB5yRo2V2t36kD/c9nivXHGr7gxkmXg5qUCOeq/81e3HLI1QGiao1h3PTYyfUWU4EzgpdVONCWUjOsCOpZJGqP1sdu+En FilT8JY2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UhNe+hmXSWpQsvmiMBXExGT6POlzhcyIsSWUKW5vJWxIFWXGRlSyIXiLLy+T5lnVc6ve3XmldpXHUYQjOIZT8OACanADdWgAAwHP8ApvzqPz4rw7H/PWgpPPHMIfOJ8/reGPuA==</latexit>
 Kj
<latexit sha1_base64="ujJevSAE3kMF1fhtUOO+FmkUaB0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix6EbxUsB/QxrLZTtq1m03 c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGVxO/+YRK81jemVGCfkT7koecUWOlVqc24Pc33YduqexW3CnIIvFyUoYctW7pq9OLWRqhNExQrduemxg/o8pwJnBc7KQaE8qGtI9tSyWNUPvZ9N4xObZK j4SxsiUNmaq/JzIaaT2KAtsZUTPQ895E/M9rpya88DMuk9SgZLNFYSqIicnkedLjCpkRI0soU9zeStiAKsqMjahoQ/DmX14kjdOK51a827Ny9TKPowCHcAQn4ME5VOEaalAHBgKe4RXenEfnxXl3PmatS04+cwB/4Hz+AK9lj7k=</latexit><latexit sha1_base64="ujJevSAE3kMF1fhtUOO+FmkUaB0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix6EbxUsB/QxrLZTtq1m03 c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGVxO/+YRK81jemVGCfkT7koecUWOlVqc24Pc33YduqexW3CnIIvFyUoYctW7pq9OLWRqhNExQrduemxg/o8pwJnBc7KQaE8qGtI9tSyWNUPvZ9N4xObZK j4SxsiUNmaq/JzIaaT2KAtsZUTPQ895E/M9rpya88DMuk9SgZLNFYSqIicnkedLjCpkRI0soU9zeStiAKsqMjahoQ/DmX14kjdOK51a827Ny9TKPowCHcAQn4ME5VOEaalAHBgKe4RXenEfnxXl3PmatS04+cwB/4Hz+AK9lj7k=</latexit><latexit sha1_base64="ujJevSAE3kMF1fhtUOO+FmkUaB0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix6EbxUsB/QxrLZTtq1m03 c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGVxO/+YRK81jemVGCfkT7koecUWOlVqc24Pc33YduqexW3CnIIvFyUoYctW7pq9OLWRqhNExQrduemxg/o8pwJnBc7KQaE8qGtI9tSyWNUPvZ9N4xObZK j4SxsiUNmaq/JzIaaT2KAtsZUTPQ895E/M9rpya88DMuk9SgZLNFYSqIicnkedLjCpkRI0soU9zeStiAKsqMjahoQ/DmX14kjdOK51a827Ny9TKPowCHcAQn4ME5VOEaalAHBgKe4RXenEfnxXl3PmatS04+cwB/4Hz+AK9lj7k=</latexit><latexit sha1_base64="ujJevSAE3kMF1fhtUOO+FmkUaB0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix6EbxUsB/QxrLZTtq1m03 c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGVxO/+YRK81jemVGCfkT7koecUWOlVqc24Pc33YduqexW3CnIIvFyUoYctW7pq9OLWRqhNExQrduemxg/o8pwJnBc7KQaE8qGtI9tSyWNUPvZ9N4xObZK j4SxsiUNmaq/JzIaaT2KAtsZUTPQ895E/M9rpya88DMuk9SgZLNFYSqIicnkedLjCpkRI0soU9zeStiAKsqMjahoQ/DmX14kjdOK51a827Ny9TKPowCHcAQn4ME5VOEaalAHBgKe4RXenEfnxXl3PmatS04+cwB/4Hz+AK9lj7k=</latexit>
 Kk<latexit sha1_base64="8eY8leQgS8Gv06T1H9vZqoq1TL0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpb NdtMu3Wzi7kQooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqt564NiJW9zhOuB/RgRKhYBSt1O7Wh+LhtjfqlStu1Z2BLBMvJxXIUe+Vv7r9mKURV8gkNabjuQn6GdUomOSTUjc1P KFsRAe8Y6miETd+Nrt3Qk6s0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhpZ8JlaTIFZsvClNJMCbT50lfaM5Qji2hTAt7K2FDqilDG1HJhuAtvrxMmmdVz616d+eV2lUeRxGO4BhOwYMLqMEN1KEBDCQ8wyu8OY/Oi/PufMxbC04+cwh/4Hz+ALDpj7o=</latexit><latexit sha1_base64="8eY8leQgS8Gv06T1H9vZqoq1TL0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpb NdtMu3Wzi7kQooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqt564NiJW9zhOuB/RgRKhYBSt1O7Wh+LhtjfqlStu1Z2BLBMvJxXIUe+Vv7r9mKURV8gkNabjuQn6GdUomOSTUjc1P KFsRAe8Y6miETd+Nrt3Qk6s0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhpZ8JlaTIFZsvClNJMCbT50lfaM5Qji2hTAt7K2FDqilDG1HJhuAtvrxMmmdVz616d+eV2lUeRxGO4BhOwYMLqMEN1KEBDCQ8wyu8OY/Oi/PufMxbC04+cwh/4Hz+ALDpj7o=</latexit><latexit sha1_base64="8eY8leQgS8Gv06T1H9vZqoq1TL0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpb NdtMu3Wzi7kQooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqt564NiJW9zhOuB/RgRKhYBSt1O7Wh+LhtjfqlStu1Z2BLBMvJxXIUe+Vv7r9mKURV8gkNabjuQn6GdUomOSTUjc1P KFsRAe8Y6miETd+Nrt3Qk6s0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhpZ8JlaTIFZsvClNJMCbT50lfaM5Qji2hTAt7K2FDqilDG1HJhuAtvrxMmmdVz616d+eV2lUeRxGO4BhOwYMLqMEN1KEBDCQ8wyu8OY/Oi/PufMxbC04+cwh/4Hz+ALDpj7o=</latexit><latexit sha1_base64="8eY8leQgS8Gv06T1H9vZqoq1TL0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpb NdtMu3Wzi7kQooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqt564NiJW9zhOuB/RgRKhYBSt1O7Wh+LhtjfqlStu1Z2BLBMvJxXIUe+Vv7r9mKURV8gkNabjuQn6GdUomOSTUjc1P KFsRAe8Y6miETd+Nrt3Qk6s0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhpZ8JlaTIFZsvClNJMCbT50lfaM5Qji2hTAt7K2FDqilDG1HJhuAtvrxMmmdVz616d+eV2lUeRxGO4BhOwYMLqMEN1KEBDCQ8wyu8OY/Oi/PufMxbC04+cwh/4Hz+ALDpj7o=</latexit>
(b) Step 2: Split distribution
i
<latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMS qG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2 fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7Bg xrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit><latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMS qG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2 fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7Bg xrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit><latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMS qG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2 fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7Bg xrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit><latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMS qG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2 fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7Bg xrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit>
K 0<latexit sha1_base64="u5lpxioNRpcwhO8hQ2sA c5ff4Ag=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi+Cliv2ANpTNdtIu3WzC7kYoof/AiwdFvP qPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRS KNAYCsY3Uz91hMqzWP5aMYJ+hEdSB5yRo2VHu5Oe+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw 5nASambakwoG9EBdiyVNELtZ7NLJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LN F4WpICYm07dJnytkRowtoUxxeythQ6ooMzackg3BW3x5mTTPq55b9e4vKrXrPI4iHMExnIEHl1CDW6hDAxiE 8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AECX40A</latexit><latexit sha1_base64="u5lpxioNRpcwhO8hQ2sA c5ff4Ag=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi+Cliv2ANpTNdtIu3WzC7kYoof/AiwdFvP qPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRS KNAYCsY3Uz91hMqzWP5aMYJ+hEdSB5yRo2VHu5Oe+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw 5nASambakwoG9EBdiyVNELtZ7NLJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LN F4WpICYm07dJnytkRowtoUxxeythQ6ooMzackg3BW3x5mTTPq55b9e4vKrXrPI4iHMExnIEHl1CDW6hDAxiE 8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AECX40A</latexit><latexit sha1_base64="u5lpxioNRpcwhO8hQ2sA c5ff4Ag=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi+Cliv2ANpTNdtIu3WzC7kYoof/AiwdFvP qPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRS KNAYCsY3Uz91hMqzWP5aMYJ+hEdSB5yRo2VHu5Oe+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw 5nASambakwoG9EBdiyVNELtZ7NLJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LN F4WpICYm07dJnytkRowtoUxxeythQ6ooMzackg3BW3x5mTTPq55b9e4vKrXrPI4iHMExnIEHl1CDW6hDAxiE 8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AECX40A</latexit><latexit sha1_base64="u5lpxioNRpcwhO8hQ2sA c5ff4Ag=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi+Cliv2ANpTNdtIu3WzC7kYoof/AiwdFvP qPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRS KNAYCsY3Uz91hMqzWP5aMYJ+hEdSB5yRo2VHu5Oe+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw 5nASambakwoG9EBdiyVNELtZ7NLJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LN F4WpICYm07dJnytkRowtoUxxeythQ6ooMzackg3BW3x5mTTPq55b9e4vKrXrPI4iHMExnIEHl1CDW6hDAxiE 8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AECX40A</latexit>
K 00<latexit sha1_base64="fl4E0j6MJkyfc+ahRuuB FlFfbKw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSL1VBIR9Fj0InipaD+gDWWznbRLN5uwuxFK6E/w4kERr/ 4ib/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opF EgsBWMbqZ+6wmV5rF8NOME/YgOJA85o8ZKD3eVSq9UdqvuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZ TgTOCl2U40JZSM6wI6lkkao/Wx26oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+ aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7QheIsvL5PmedVzq979Rbl2ncdRgGM4gTPw4BJqcAt1aACDA TzDK7w5wnlx3p2PeeuKk88cwR84nz9i040x</latexit><latexit sha1_base64="fl4E0j6MJkyfc+ahRuuB FlFfbKw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSL1VBIR9Fj0InipaD+gDWWznbRLN5uwuxFK6E/w4kERr/ 4ib/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opF EgsBWMbqZ+6wmV5rF8NOME/YgOJA85o8ZKD3eVSq9UdqvuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZ TgTOCl2U40JZSM6wI6lkkao/Wx26oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+ aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7QheIsvL5PmedVzq979Rbl2ncdRgGM4gTPw4BJqcAt1aACDA TzDK7w5wnlx3p2PeeuKk88cwR84nz9i040x</latexit><latexit sha1_base64="fl4E0j6MJkyfc+ahRuuB FlFfbKw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSL1VBIR9Fj0InipaD+gDWWznbRLN5uwuxFK6E/w4kERr/ 4ib/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opF EgsBWMbqZ+6wmV5rF8NOME/YgOJA85o8ZKD3eVSq9UdqvuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZ TgTOCl2U40JZSM6wI6lkkao/Wx26oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+ aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7QheIsvL5PmedVzq979Rbl2ncdRgGM4gTPw4BJqcAt1aACDA TzDK7w5wnlx3p2PeeuKk88cwR84nz9i040x</latexit><latexit sha1_base64="fl4E0j6MJkyfc+ahRuuB FlFfbKw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSL1VBIR9Fj0InipaD+gDWWznbRLN5uwuxFK6E/w4kERr/ 4ib/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opF EgsBWMbqZ+6wmV5rF8NOME/YgOJA85o8ZKD3eVSq9UdqvuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZ TgTOCl2U40JZSM6wI6lkkao/Wx26oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+ aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7QheIsvL5PmedVzq979Rbl2ncdRgGM4gTPw4BJqcAt1aACDA TzDK7w5wnlx3p2PeeuKk88cwR84nz9i040x</latexit>
 K
0
i
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(c) Step 3: Gather residuals, evolve
Fig. 1. Illustration of the three steps of the residual distribution approach for linear triangular
elements.
4.2. Second order timestepping method. Here we describe the idea of the
modified time stepping from [28]. We start with the description of our time-stepping
algorithm based on a second order Runge-Kutta scheme for an ODE of the form
y′ + L(y) = 0.
Given an approximate solution yn at time t
n, for the calculation of yn+1 we
proceed as follows:
1. Set y(0) = yn;
2. Compute y(1) defined by
y(1) − y(0)
∆t
+ L(y(0)) = 0;
3. Compute y(2) defined by
y(2) − y(0)
∆t
+
L(y(0)) + L(y(1))
2
= 0;
4. Set yn+1 = y(2).
We see that the generic step in this scheme has the form
δky
∆t
+ L(y(0), y(k)) = 0
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with
L(a, b) = L(a) + L(b)
2
and
δky = y(k+1) − y(0), k = 0, 1.
A variant is to take L(a, b) = L(a+b2 ).
Coming back to the residuals (15), we write for each element K and k = 0, 1:
βKi (u)
∫
K
(
δku
∆t
+ L(u(0), u(k))
)
dx =
∫
K
ϕi
(
δku
∆t
+ L(u(0), u(k))
)
dx
+
∫
K
(
βKi (u)− ϕi
)(δku
∆t
+ L(u(0), u(k))
)
dx
≈
∫
K
ϕi
(
δku
∆t
+ L(u(0), u(k))
)
dx
+
∫
K
(
βKi (u)− ϕi
)( δ˜ku
∆t
+ L(u(0), u(k))
)
dx
with
δ˜ku =
{
0 if k = 0,
u(1) − u(0) if k = 1.
We see that∫
K
ϕi
(
δku
∆t
+ L(u(0), u(k))
)
dx +
∫
K
(
βKi (u)− ϕi
)( δ˜ku
∆t
+ L(u(0), u(k))
)
dx
=
∫
K
ϕi
(
δku
∆t
− δ˜
ku
∆t
)
dx + βKi (u)
∫
K
(
δ˜ku
∆t
+ L(u(0), u(k))
)
dx.
This relation is further simplified if mass lumping can be applied: letting
(19) CKi =
∑
j∈K
∫
K
ϕiϕj dx =
∫
K
ϕi dx
and
(20) Ci =
∫
Ω
ϕi dx =
∑
K3i
∫
K
ϕi dx,
for the degree of freedom i and the element K we look at the quantity
CKi
(
δkui
∆t
− δ˜
kui
∆t
)
+ βKi (u)
∫
K
(
δ˜ku
∆t
+ L(u(0), u(k))
)
dx,
i.e.
CKi
u
(k+1)
i − u(k)i
∆t
+ βKi (u)
∫
K
(
δ˜ku
∆t
+ L(u(0), u(k))
)
dx.
Here βKi (u) is evaluated using (13) where Φ
K,Rus
i is replaced by the modified space-
time Rusanov residuals
ΦK,Rusi =
∫
K
ϕi
(
δ˜ku
∆t
+ L(u(0), u(k))
)
dx +
1
2
(
α
(0)
K
(
u
(0)
i − u¯(0)K
)
+ α
(k)
K
(
u
(k)
i − u¯(k)K
))
,
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where
u¯(l) =
1
NK
∑
j∈K
u
(l)
j , l = 0, k,
with NK being the number of degrees of freedom in an element K and αK large
enough and, finally,
ΦK(u) =
∑
i∈K
ΦK,Rusi .
Then the idea is to use (10) at each step of the Runge-Kutta method with the residuals
given by
(21) ΦKi (u) =
∫
K
ϕi
(
δku
∆t
+ L(u(0), u(k))
)
dx
+
∫
K
(
βKi (u)− ϕi
)( δ˜ku
∆t
+ L(u(0), u(k))
)
dx,
so that the overall step writes: for k = 0, 1 and any i,
(22) Ci
u
(k+1)
i − u(k)i
∆t
+
∑
K3i
ΦK,Li,ts = 0,
where we have introduced the limited space-time residuals
(23) ΦK,Li,ts = β
K
i
∫
K
(
δ˜ku
∆t
+ L(u(0), u(k))
)
dx.
One can easily see that each step of (22) is purely explicit.
One can show that this scheme is second order in time. The key reason for this
is that we have ∑
i∈K
∫
K
(
ϕi − βKi (u)
)
dx = 0,
see [28, 6] for details.
Remark 4.1. We need that Ci > 0 for any degree of freedom. This might not
hold, for example, for quadratic Lagrange basis. For this reason, we will use Bernstein
elements for the approximation of the solution.
5. Residual distribution scheme for Lagrangian hydrodynamics. In this
section, we explain how to adapt the previously derived RD framework to the equa-
tions of Lagrangian hydrodynamics. We consider the same functional spaces as in
section 3, namely the kinematic space V and the thermodynamic space E .
In the case of a simplex K ⊂ Rd, one can consider the barycentric coordinates as-
sociated to the vertices of K and denoted by {Λj}j=1,d+1. By definition, the barycen-
tric coordinates are positive on K and we can consider the Bernstein polynomials of
degree r: define r = i1 + . . .+ id+1, then
(24) Bi1...id+1 =
r!
i1! · · · id+1!Λ
i1
1 . . .Λ
id+1
d+1 .
Clearly, Bi1...id+1 > 0 on K and using the binomial identity∑
i1,...,id+1,
∑d+1
1 ij=r
Bi1...id+1 =
( d+1∑
i=1
Λi
)r
= 1.
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In the case of quadrilateral/hexahedral elements, there exists a mapping that trans-
forms this element into the unit square/cube. Then we can proceed by tensorization
of segments [0, 1] seen as one-dimensional simplicies.
It is left to define the residuals for the equations of the Lagrangian hydrodynam-
ics. Since the PDE on the velocity is written in conservation form, the derivations
presented in the previous section can be directly applied, see also [28] for the multi-
dimensional case. However, we need to introduce some modifications for the thermo-
dynamics. To this end, we first focus on the spatial term, in the spirit of [28, 6]. We
construct a first order monotone scheme, and using the technique of [6], we design a
formally high order accurate scheme. Therefore, we introduce the total residuals
(25) ΦK =
∫
∂K
pˆn dσ and Ψ
K =
∫
K
p∇x · u dx,
where p ∈ E , u ∈ V and pˆn is a consistent numerical flux which depends on the left
and right state at ∂K. Next, the Galerkin residuals are given by
ΦKiV = −
∫
K
p∇xφiV dx +
∫
∂K
φiV pˆn dσ,
ΨKiE =
∫
K
ψiEp∇x · u dx.
(26)
From (26), we define the Rusanov residuals
(27) ΦK,RusiV (u, ε) = Φ
K
iV (u, ε) + αK(uiV − u¯), u¯ =
1
NKV
∑
iV∈K
uiV
and
(28) ΨK,RusiE (u, ε) = Ψ
K
iE (u, ε) + αK(εiE − ε¯), ε¯ =
1
NKE
∑
iE∈K
εiE
where αK is an upper bound of the Lagrangian speed of sound ρc on K multiplied by
the measure of ∂K, and NKV (resp. N
K
E ) is the number of degrees of freedom for the
velocity (resp. energy) on K.
The temporal discretization is done using the technique developed in the previous
section. We introduce the modified space-time Rusanov residuals, for k = 0, 1:
(29) ΦK,RusiV ,ts =
∫
K
ϕiVρ
δ˜ku
∆t
dx +
1
2
(
ΦK,RusiV (u
(0), ε(0)) + ΦK,RusiV (u
(k), ε(k))
)
and
(30) ΨK,RusiE ,ts =
∫
K
ψiEρ
δ˜kε
∆t
dx +
1
2
(
ΨK,RusiE (u
(0), ε(0)) + ΨK,RusiE (u
(k), ε(k))
)
.
Finally, the high-order limited residuals are computed similarly to (12) as
(31) ΦK,LiV ,ts = β
K
iVΦ
K
ts , Ψ
K,L
iE ,ts = β
K
iEΨ
K
ts ,
where the space-time Rusanov residuals (29) and (30) are used in expressions analo-
gous to (13) to calculate βKiV and β
K
iE , respectively:
(32) βKiV =
max
(ΦK,RusiV ,ts
ΦKts
, 0
)
∑
jV∈K
max
(ΦK,RusjV ,ts
ΦKts
, 0
) ,
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(33) βKiE =
max
(ΨK,RusiE ,ts
ΨKts
, 0
)
∑
jE∈K
max
(ΨK,RusjE ,ts
ΨKts
, 0
) ,
and
ΦKts =
∑
iV∈K
ΦK,RusiV ,ts =
∫
K
(
ρ
δ˜ku
∆t
+
1
2
(
∇xp(0) +∇xp(k)
))
dx,
ΨKts =
∑
iE∈K
ΨK,RusiE ,ts =
∫
K
(
ρ
δ˜kε
∆t
+
1
2
(
p(0)∇x · u(0) + p(k)∇x · u(k)
))
dx.
Next, we introduce
CV,KiV =
∫
K
ρϕiV dx, C
E,K
iE =
∫
K
ρψiE dx.
After applying the mass lumping as in (19), (20), the mass matrices MV for the ve-
locity and ME for the thermodynamics become diagonal with entries at the diagonals
given by
CViV =
∫
Ω
ρϕiV dx =
∑
K3iV
∫
K
ρϕiV dx,
CEiE =
∫
Ω
ρψiE dx =
∑
K3iE
∫
K
ρψiE dx.
Both matrices are invertible because ϕiV > 0 and ψiE > 0 in the element since
we are using Bernstein basis. Note that we could have omitted the mass lumping for
the thermodynamic relation because the mass matrix is block diagonal.
By construction, the scheme is conservative for the velocity, however, nothing
is guaranteed for the specific energy. In order to solve this issue, inspired by the
calculations of section 3, and given a set of velocity residuals {ΦKiV} and internal
energy residuals {ΨKiE}, we slightly modify the internal energy evaluation by defining,
together with (31),
(34) ΨK,ciE ,ts = Ψ
K,L
iE ,ts + riE ,
where the correction term riE is chosen to ensure the discrete conservation properties
and will be specified in the following section.
With all the above definitions, the resulting residual distribution scheme is written
as follows: for k = 0, 1
(35a) CViV
u
(k+1)
iV − u
(k)
iV
∆t
+
∑
K3iV
ΦK,LiV ,ts = 0,
(35b) CEiE
ε
(k+1)
iE − ε
(k)
iE
∆t
+
∑
K3iE
ΨK,ciE ,ts = 0,
(35c)
x
(k+1)
iV − xniV
∆t
=
1
2
(
uniV + u
(k)
iV
)
.
Note that the discretization (35c) is nothing but a second-order SSP RK scheme.
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6. Discrete conservation. Here we derive the expression for the term riE to
ensure the local conservation property of the residual distribution scheme (35) and
then give some conditions on the discrete entropy production.
The continuous problem satisfies the following conservation property for the spe-
cific total energy e = 12u
2 + ε:
(36)
∫
K
ρ
de
dt
dx+
∫
∂K
pu · n dσ = 0.
The numerical scheme has to satisfy a conservation property analogous to (36) at
the discrete level. To achieve this, the thermodynamic residual has been modified
according to (34).
The term riE is chosen such that:
(37)
∑
iV∈K
u˜iV
(
CV,KiV
(
δkuiV
∆t
− δ˜
kuiV
∆t
)
+ ΦK,LiV
)
+
∑
iE∈K
(
CE,KiE
(
δkεiE
∆t
− δ˜
kεiE
∆t
)
+ ΨK,LiE ,ts + riE
)
= 0,
where
u˜iV =
1
2
(
u
(k)
iV + u
(k+1)
iV
)
.
We justify this relation in Appendix A.
Since we have only one constraint, we impose in addition that riE = r for any
iE ∈ K, so that from (37) we can derive
(38) riE =
1
NKE
(∫
∂K
pˆnu dσ −
∑
iV∈K
u˜iVΦ
K,L
iV +
∑
iV∈K
CV,KiV
δ˜kuiV
∆t
−
∑
iE∈K
ΨK,LiE +
∑
iE∈K
CE,KiE
δ˜kεiE
∆t
)
,
where pˆn is the approximation of the pressure flux pn at the boundary of the element
K.
So far, we have indicated a way to recover local conservation by adding a term to
the internal energy equation. This term depends on the residuals that are themselves
constructed from first order residuals and in turn depend on the pressure flux, so
that the conservation property is valid for any pressure flux. It is possible to add
further constraints for better conservation properties and in this section we show how
to impose a local (semi-discrete) entropy inequality. We also state two results that
are behind the construction.
The discrete entropy production is discussed in [8]: note that it is generic and
does not use the fact whether the problem is one-dimensional or multidimensional.
6.1. Entropy balance. Since at the continuous level
T
ds
dt
=
dε
dt
+ p
dv
dt
,
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where v = 1/ρ is the specific volume, and knowing that
ρ
dv
dt
= ∇x · u,
we look at the entropy inequality
(39)
∫
K
ρT
ds
dt
=
∫
K
ρ
(
dε
dt
+ p
dv
dt
)
dx =
∫
K
(
ρ
dε
dt
+ p∇x · u
)
dx > 0
and try to derive its discrete counterpart.
For the sake of simplicity we demonstrate the discrete entropy balance conditions
on the first-order version of the scheme (35). Taking the sum over the degrees of
freedom of an element K in equation (35b) and noting that in the first-order scheme
δ˜kε/∆t = 0 and ΨK,LiE = Ψ
K,Rus
iE , we get
(40)
∑
iE∈K
CE,KiE
δkεiE
∆t
+
∑
iE∈K
ΨK,ciE
=
∑
iE∈K
(∫
K
ρψiE dx
)
δkεiE
∆t
+
∑
iE∈K
(
ΨK,RusiE + riE
)
=
∫
K
ρ
δkε
∆t
dx + ΨK +
∑
iE∈K
riE
=
∫
K
(
ρ
δkε
∆t
+ p∇x · u
)
dx +
∑
iE∈K
riE = 0.
The first term in (40) is a discrete analogue of (39), therefore we can require∫
K
(
ρ
δkε
∆t
+ p∇x · u
)
dx > 0,
which yields another constraint on riE :
(41)
∑
iE∈K
riE 6 0.
We note that the derivation of the entropy condition for a general high-order scheme
is slightly more tedious, however, it leads to exactly the same condition (41) and is
therefore not presented here.
Let us show that the entropy condition (41) holds for the first order residual
distribution scheme. From the conservation condition (38) we have
riE =
1
NKE
(∫
∂K
pˆnu dσ −
∑
iV∈K
uiVΦ
K,Rus
iV −
∑
iE∈K
ΨK,RusiE
)
,
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and therefore∑
iE∈K
riE =
∫
∂K
pˆnu dσ −
∑
iV∈K
uiVΦ
K,Rus
iV −
∑
iE∈K
ΨK,RusiE
=
∫
∂K
pˆnu dσ −
∑
iV∈K
uiVΦ
K
iV − αK
∑
iV∈K
uiV (uiV − u¯)
−
∑
iE∈K
ΨKiE − αK
∑
iE∈K
(εiE − ε¯)
=
∫
∂K
pˆnu dσ −
∫
K
u · ∇xp dx− αK
∑
iV∈K
(uiV − u¯)2 −
∫
K
p∇x · u dx
= −αK
∑
iV∈K
(uiV − u¯)2 6 0,
(42)
where we have taken into account that∑
iV∈K
uiV (uiV − u¯) =
∑
iV∈K
(uiV − u¯)2, and
∑
iE∈K
(εiE − ε¯) = 0.
Therefore, the entropy condition (41) is satisfied with any αK > 0.
7. Optimization of artificial viscosity. The artificial viscosity coefficient αK
present in the first-order Rusanov residual (27) plays a crucial role in ensuring the
stability of high order staggered FEM approximation, and it defines the amount of
entropy dissipation as follows from relation (42). Therefore, on one hand, excessively
large values of this coefficient will stabilize the method but, on the other hand, will lead
to excessive numerical diffusion of the solution features. This might be more critical for
problems involving vortical flows since the numerical dissipation will deteriorate the
resolution of the high order finite elements and prevent the development of physically
correct vortical structures in the numerical solution.
Therefore, in order to reduce the amount of numerical dissipation we adopt a
MARS (Multidirectional Approximate Riemann Solution) technique proposed in [26,
17] for the construction of the artificial viscosity term. The idea of MARS approach
is based on considering a multidirectional Riemann problem at the nodes of the mesh
element and using the solution of this problem for the approximation of forces acting
on every node.
The original artificial viscosity term typically used in residual distribution schemes
has the form
(43) σRusa = αK(uiV − u¯),
where u¯ =
1
NKV
∑
iV∈K uiV and αK is an estimate of the largest eigenvalue of the
system and is defined by the shock impedance ρU multiplied by some length scale of
the element, regardless of the direction of the flow and the number of DOF iV ∈ K.
MARS approach allows to put a sensor on the artificial viscosity term so that different
amount is added at different DOFs inside the cell K.
The MARS artificial viscosity term will be defined as
(44) σMARSa = α
i
K(uiV − u˜),
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where αiK = ρU |ei · ni| and u˜ =
∑
iV∈K α
i
KuiV/
∑
iV∈K α
i
K . Using σ
MARS
a , the
entropy balance (42) becomes∑
iE∈K
riE = −
∑
iV∈K
αiK(uiV − u˜)2 6 0,
and one has to define αiK such that∑
iV∈K
αiK(uiV − u˜)2 6 αK
∑
iV∈K
(uiV − u¯)2.
The vector ei is a unit vector which approximates the direction of the shock
and the vector ni is defined by ni =
∫
K
∇ϕi dx. Therefore, the maximal numerical
viscosity will be applied in the direction of the shock. In [17], the shock direction
is chosen as ei =
uiV−u¯
‖uiV−u¯‖
, however, other choices are possible. For example, we
set ei =
uiV
‖uiV ‖
for the Sedov and Noh problems since these problems have radial
symmetry and therefore the direction of maximal compression is aligned with the
velocity. Finally, the impedance ρU is calculated as ρU = ρ(c+s||∆u||), ∆u = uiV−u¯
and s = γ+12 .
At this point we would like to highlight the differences between the artificial
viscosity approach in [18, 26, 17] and the one proposed here. The main difference
consists in ways to achieve high order of accuracy: thus, in [26, 17], a modification to
(44) would be needed in order to transition from first to higher orders. Contrary to
that, the philosophy of RD method is such that only first order viscosity is sufficient
in order to achieve high order. This is because the first order Rusanov residuals are
used to calculate the distribution coefficients βKi according to (13), but the high order
residuals are defined as distributions of the total residual as stated by (15), (17) and
hence the order of approximation can be preserved.
The viscosity term in (28) is modified in a similar way.
8. Numerical results. In this section, we apply the multidimensional SGH
RD scheme to several well-known test problems in Lagrangian hydrodynamics to
assess its robustness and accuracy. We perform the simulations using the second-
order SGH RD scheme which is based on quadratic Bernstein shape functions for
the approximation of kinematic variables and piecewise-linear shape functions for the
thermodynamic variables, and the second-order timestepping algorithm described in
Section 4.2. Finally, unless stated otherwise, we use the MARS artificial viscosity
from Section 7.
8.1. Taylor-Green vortex. The Taylor-Green vortex problem is typically used
for the assessment of the accuracy of the Lagrangian solvers [18]. The purpose of
this test case is to verify the ability of the fully discrete methods to obtain high-order
convergence in time and space on a moving mesh with nontrivial deformation for the
case of a smooth problem. Here we consider a simple, steady state solution to the 2D
incompressible, inviscid NavierStokes equations, given by the initial conditions
u = {sin(pix) cos(piy), cos(pix) sin(piy)}, p = ρ
4
(
cos(2pix) + cos(2piy)
)
+ 1.
We can extend this incompressible solution to the compressible case with an ideal
gas equation of state and constant adiabatic index γ = 5/3 by using a manufactured
solution, meaning that we assume these initial conditions are steady state solutions
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to the Euler equations, then we solve for the resulting source terms and use these
to drive the time-dependent simulation. The flow is incompressible (∇ · u = 0) so
the density field is constant in space and time and we use ρ ≡ 1. It is easy to check
that ρ
du
dt
= ∇p so the external body force is zero. In the energy equation, using
ε = p/((γ − 1)ρ), we compute
εsrc = ρ
dε
dt
+ p∇ · u = dε
dt
=
3pi
8
(cos(3pix) cos(piy) cos(pix) cos(3piy)).
This procedure allows us to run the time-dependent problem to some point in
time, then perform normed error analysis on the final computational mesh using the
exact solutions for u and p. The computational domain is a unit box with wall
boundary conditions on all surfaces (u · n = 0). Note that for this manufactured
solution all fields are steady state, i.e., they are independent of time; however, they
do vary along particle trajectories and with respect to the computational mesh as it
moves. We run the problem until T = 1.25. Since this problem is smooth we run it
without any artificial viscosity (i.e. we set the artificial viscosity of the Rusanov or
MARS scheme to 0) and do normed error analysis on the solution at the final time
and compute convergence rates using a variety of high-order methods.
In Fig. 2 we show plots of the curvilinear mesh at times t = 0.5, t = 1.0 and
t = 1.25, and we compare the numerical (upper row) solution with the exact one
(lower row). In Fig. 3, we plot the errors of the velocity components in L1 norm vs
the mesh resolution.
t = 0.5 t = 1.0 t = 1.25
Fig. 2. Taylor-Green vortex, numerical (top) and exact (bottom)
8.2. Gresho vortex. The Gresho problem [20, 23] is a rotating vortex problem
independent of time. Angular velocity depends only on radius, and the centrifugal
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Fig. 3. Taylor-Green vortex, convergence at t = 0.5
force is balanced by the pressure gradient
uφ(r) =

5r,
2− 5r,
0
p(r) =

5 + 252 r
2, 0 6 r < 0.2,
9− 4 ln 0.2 + 252 r2 − 20r + 4 ln r, 0.2 6 r < 0.4,
3 + 4 ln 2, 0.4 6 r.
The radial velocity is 0 and the density is 1 everywhere.
Gresho problem is an interesting validation test case to assess the robustness and
the accuracy of a Lagrangian scheme. The vorticity leads to a strong mesh deformation
which can cause some problems such as negative Jacobian determinants or negative
densities. We compute the solution to this problem on a rectangle [0, 1]× [0, 1] until
time T = 0.65 on a 16× 16 grid using the second-order SGH RD scheme. The initial
and final grids are shown in Fig. 4. We observe that our scheme is able to evolve the
vortex robustly until the mesh becomes strongly tangled.
Fig. 4. Gresho vortex, numerical solution, mesh at t = 0 and t = 0.65
8.3. Sedov problem. Next, we consider the Sedov problem for a point-blast in a
uniform medium. An exact solution based on self-similarity arguments is available, see
for instance [21, 30]. This test problem provides a good assessment of the robustness
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of numerical schemes for strong shocks as well as the ability of the scheme to preserve
cylindrical symmetry.
The Sedov problem consists of an ideal gas with γ = 1.4 and a delta source of
internal energy imposed at the origin such that the total energy is equal to 1. The
initial data is ρ0 = 1, u0 = v0 = 0, p0 = 10
−6. At the origin, the pressure is set to
p0 =
(γ − 1)ρ0εS
Vor
,
where Vor is the volume of the cell containing the origin and εS = 0.244816 as sug-
gested in [21]. The solution consists of a diverging infinite strength shock wave whose
front is located at radius r = 1 at time T = 1, with a peak density reaching 6. We first
run the Sedov problem with the second-order SGH RD scheme with MARS viscosity
on a 16× 16 Cartesian grid in the domain [0, 1.2]× [0, 1.2]. The results are shown in
Fig. 5. At the end of the computation, the shock wave front is correctly located and is
symmetric. The density peak reaches 4.908 with MARS viscosity, which we consider
to be a very good approximation on such coarse grid. Next, we run the same test case
on a finer grid consisting of 32 × 32 cells, the corresponding results are presented in
Fig. 6. Note that the peak density value 5.459 becomes closer to the exact value by
mesh refinement.
These results demonstrate the robustness and the accuracy of our scheme.
Fig. 5. Sedov problem, 16 × 16 mesh, density at t = 1.0
8.4. Noh problem. The Noh problem [27] is a well known test case used to
validate Lagrangian schemes in the regime of infinite strength shock wave. The prob-
lem consists of an ideal gas with γ = 5/3, initial density ρ0 = 1, and initial energy
ε0 = 0. The value of each velocity degree of freedom is initialized to a radial vector
pointing toward the origin, u = r/‖r‖. The initial velocity generates a stagnation
shock wave that propagates radially outward and produces a peak post-shock density
of ρ = 16. The initial computational domain is defined by [0, 1] × [0, 1]. We run the
Noh problem on a 50 × 50 Cartesian grid using the SGH RD scheme with MARS
artificial viscosity. This configuration leads to a severe test case since the mesh is not
aligned with the flow. In Fig. 7 we show plots of the density field at the final time
of t = 0.6 as well as scatter plots of density versus radius. We note that we have a
very smooth and cylindrical solution, and that the shock is located at a circle whose
radius is approximately 0.2. We see that the numerical solution is very close to the
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Fig. 6. Sedov problem, 32 × 32 mesh, density at t = 1.0
one-dimensional analytical solution, and the numerical post-shock density is not too
far from the analytical value. This shows the ability of our scheme to preserve the
radial symmetry of the flow.
8.5. Triple point problem. The triple point problem is used to assess the ro-
bustness of a Lagrangian method on a problem that has significant vorticity [22]. The
initial conditions are three regions of a gamma-law gas, where each region has dif-
ferent initial conditions. One region has a high pressure that drives a shock through
two connected regions and a vortex develops at the triple point where three regions
connect. In this study, every region uses a gamma of 1.4. Fig. 8 shows the initial
conditions, and Fig. 9 shows the results at 3.0µs. The mesh remained stable despite
large deformation and calculation will continue to run well beyond 5µs. The triple
point problem illustrates that SGH RD method can be used on problems with signif-
icant mesh deformation. To demonstrate the effect of viscosity optimization, we run
this problem both using σRusa and σ
MARS
a from Section 7.
9. Conclusions. In this paper we have extended a Residual Distribution (RD)
scheme for the Lagrangian hydrodynamics to multiple space dimensions and pro-
posed an efficient way to construct artificial viscosity terms. We have developed an
efficient mass matrix diagonalization algorithm which relies on the modification of the
time-stepping scheme and gives rise to an explicit high order accurate scheme. The
two-dimensional numerical tests considered in this paper show the robustness of the
method for problems involving very strong shock waves or vortical flows.
Further research includes the extension of the present method to higher order in
space and time. We also plan to extend the method to solids.
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Fig. 7. Noh problem, 50 × 50 mesh, density contour (top), density scatter (bottom left) and
pressure scatter (bottow right) at t = 0.6
Fig. 8. The initial mesh for the triple point problem is shown above. The initial conditions are
as follows: left region (red) is ρ = 1.0 & e = 2.0, top-right region (pink) is ρ = 0.125 & e = 1.6, and
the bottom-right region (purple) is ρ = 1.0 & e = 0.25.
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Appendix A. Justification of (37). The time stepping method writes as (35)
(if we forget about the mesh movement):
(45) CViV
u
(k+1)
iV − u
(k)
iV
∆t
+
∑
K3iV
ΦK,LiV ,ts = 0,
(46) CEiE
ε
(k+1)
iE − ε
(k)
iE
∆t
+
∑
K3iE
ΨK,ciE ,ts = 0,
In [7] was given a Lax-Wendroff type result that guaranties, under standard stability
requirements, that provided a conservation relation at the level of the element is
satisfied, if the sequence of approximate solutions converges to a limit in some Lp
space, is a weak solution of the discretized hyperbolic system. The proof uses the fact
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that in each mesh element, the solution is approximated by a function from a finite
dimensional approximation space. It can easily be extended to unsteady problems,
and in that case, the total residual has a time increment component, and a spatial
term. If we were integrating the conservative system
∂u
∂t
+ div f(u) = 0,
the total residual, i.e. a consistent approximation of∫ tn+1
tn
∫
K
(
∂u
∂t
+ div f(u)
)
dx dt,
would be the sum of a time increment
Φt =
∫
K
(
un+1 − un) dx ≈ ∫ tn+1
tn
∫
K
∂u
∂t
dx dt
and a space term
Φx ≈
∫ tn+1
tn
∫
K
div f(u) dx dt.
It turns out that we can be quite flexible in the approximation of Φt, provided it
remains the difference between a term evaluated at tn+1 and a term evaluated at
tn, but we must be very careful in the definition of the spatial term: all this is very
similar to what happens for the classical Lax-Wendroff theorem. In addition, the time
stepping we are using is set in such a way that the time increment has the form∫
K
(
ul+1 − ul) dx
with l = 0, 1, and the space increment contains also a time increment between the
iterations 0 and l. However this does not change anything fundamentally.
In our case, despites the staggered nature of the grid, we can define a specific
energy on the element K: we have a specific internal energy function εh defined on
K, and a velocity field uh also defined on K: hence we define eh = εh +
1
2 (u
h)2, and
the increment in time of the energy would be∫
K
ρn+1h
(
εn+1h +
1
2 (u
n+1
h )
2
)
dx−
∫
K
ρnh
(
εnh +
1
2 (u
n
h)
2
)
dx.
However doing this, it is very complicated to estimate this quantity. Since we can
be flexible, if we keep the incremental structure, we can approximate the variation of
energy between two cycles by
δe =
∑
iE∈K
CE,Kiε (ε
l+1
iE − εliE
)
+
∑
iV∈K
CV,KiV
1
2
((
ul+1iV
)2 − (uliV )2)(47)
This relation can be rewritten as
δe =
∑
iE∈K
CE,Kiε (ε
l+1
iE − εliE
)
+
∑
iV∈K
CV,KiV u˜iV ·
(
ul+1iV − uliV
)
where
u˜iV =
1
2
(
ul+1iV + u
l
iV
)
.
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Now the idea is to multiply (45) by u˜iV , and add the relation (46). Hence, we
get:
D =
∑
iE∈K
CE,Kiε (ε
l+1
iE − εliE
)
+
∑
iV∈K
CV,Kiε u˜iV ·
(
ul+1iV − uliV
)
+ ∆t
( ∑
iE∈K
ΨK,ciE ,ts +
∑
iV∈K
u˜iV · ΦK,LiV ,ts
)
What we ask is that this quantity be equal to a suitable approximation of∫
K
(
el+1 − el) dx+ ∫
K
(
el − e0) dx+ ∆t∫
∂K
p(l)u(l) + p(0)u(0)
2
· n dσ.
Of course we approximate
∫
K
(
el+1 − el) dx as (47), and ∫
K
(
el − e0) dx similarly for
simplicity, so that we end up with the relation
∑
iE∈K
ΨK,ciE ,ts +
∑
iV∈K
u˜iV · ΦK,LiV ,ts =
∫
K
el − e0
∆t
dx+
∫
∂K
p(l)u(l) + p(0)u(0)
2
· n dσ,
which leads to (37).
